Introduction
Symmetry constraints become prominent in recent few years due to the important roles they play in soliton theory. For 1 + 1 dimensional soliton hierarchies, a very successful symmetry constraint method is the nonlinearization technique proposed by Cao [1, 2] and Cao and Geng [3, 4] . A large class of finite dimensional Liouville integrable Hamiltonian systems is thus generated which are connected with soliton hierarchies [1−6] and the nonlinearization technique is systematically extended by Zeng and Li [7, 8] for quite a few soliton hierarchies. At the same time, a symmetry constraint procedure for bi-Hamiltonian soliton hierarchies is proposed by Antonowicz and Wojciechowski [9] and bi-Hamiltonian structures for the constrained systems can be worked out [9, 10] . By observing that stationary soliton flows may be interpreted as finite dimensional Hamiltonian systems [11] on introducing the so-called Jacobi-Ostrogradsky coordinates [12] , a natural generalization of nonlinearization technique to higher order symmetry constraints is made by Zeng [13] for the KdV and Boussinesq hierarchies.
For 1 + 2 dimensional soliton hierarchies, a sort of symmetry constraints similar to ones in the nonlinearization technique has also been presented by several authors [14] , although relatively *This work was supported by the National Natural Science Foundation of China little is known about the general construction at present. Some interrelations of 1 + 2 dimensional soliton hierarchies to 1 + 1 dimensional soliton ones and various structures of constrained systems have vigorously been exposed [15] . The theory progress along the above two lines has been making and has aroused increasing interest in recent times. Furthermore we want to establish some properties which will be used later. In Section 3, we shall exhibit systematically the binary nonlinearization procedure for the Lax pairs and the adjoint Lax pairs of the Dirac systems.
The Dirac systems and their Hamiltonian structures
We consider the Dirac spectral problem [16] 
where the spectral operator is as follows 1b) and the σ j , 1 ≤ j ≤ 3, are 2 × 2 Pauli matrices. To derive Dirac systems associated with (2.1), we first solve the adjoint representation equation (see Ref. [17] )
Noting that
we see that the adjoint representation equation
which is equivalent to
We choose b 0 = −1, and assume that 
, we see that (
Further we obtain
By the mathematical induction, it follows from (2.3) and the above equality that a i , b i , c i are all differential polynomial functions of u. The compatibility conditions of Lax pairs
where the symbol + stands for the selection of the polynomial part of λ, engender a hierarchy of the Dirac systems
The first nonlinear Dirac system in the hierarchy (2.5) reads as
This system is different from the coupled nonlinear Schrödinger systems in AKNS hierarchy because it contains the cubic terms q 3 , r 3 .
In what follows, we want to give the Hamiltonian structures of the Dirac systems (2.5) by means of the trace identity proposed in Ref. [18] . To this end, we need the following quantities which are easy to prove:
where < A, B >= tr(AB). Now applying the trace identity [18] 
we obtain at once δ δu
Equating the coefficients of λ −n−1 on two sides of the above equality, we have
By taking simply n = 1, we find that the constant γ = 0. In this way we obtain an important
In addition, for n ≥ 1 we have
Therefore the hierarchy (2.5) may be cast into the following Hamiltonian form
where the Hamiltonian operator J, the recursive operator L and the Hamiltonian functions H n are determined by
By a direct calculation similar to Ref. [19] , we can get
which implies the commutability of the flows of (2.8). Therefore each system in the hierarchy (2.8) has an infinite number of symmetries {K m } ∞ m=0 . Besides, we can directly verify
satisfies the adjoint representation equation of φ x = U φ and that
Thus (2.10) holds for n ≥ 0 because the adjoint representation equation
and V vanishes at u = 0, then V itself vanishes.
Binary nonlinearization
Let us begin with the binary nonlinearization of the Lax pairs and adjoint Lax pairs of the Dirac systems. Associated with Lax pairs (2.4), the Dirac systems have the adjoint Lax pairs
where T means the transpose of matrix and ψ = (
When the zero boundary conditions: lim |x|→+∞ φ = lim |x|→+∞ ψ = 0, hold, we have
where L is defined as in (2.9), and L * is the adjoint operator of L, which is a hereditary symmetry.
For a general spectral problem, this kind of property (3.3) has been discussed in Ref. [20] . Now introducing N distinct eigenvalues λ 1 , λ 2 , · · · , λ N , we obtain the following two spatial and
the compatibility condition of (3.4) and (3.5) is still the nth Dirac systems u t n = K n . Let us take the Bargmann constraint (requiring the G-vector field to be a linear function but not a differential function with respect to u) for the Dirac systems
This kind of constraints is, in fact, symmetry constraints because the J δλ j δu are common symmetries of the Dirac systems. The constraint (3.6) allows us to impose that
which implies that
Note that (3.7) has two particular properties: including both the eigenfunctions Φ 1 , Φ 2 and the adjoint eigenfunctions Ψ 1 , Ψ 2 , and nonlinearity with respect to Φ i , Ψ i . Therefore we refer to (3.7)
as a binary nonlinear constraint. In general, nonlinear constraints only involve eigenfunctions of spectral problems associated with integrable systems (see Refs. [1] [2] [3] [4] [5] [6] [7] [8] ). We denote by A the expression of A under the constraint (3.7). The property (3.3) ensures that
and that from (2.3), 
The spatial part of the nonlinearized Lax pairs and adjoint Lax pairs, i.e. the system (3.9) is a finite dimensional system but the time parts of the nonlinearized Lax pairs and adjoint Lax pairs, i.e. the systems (3.10) for n ≥ 0 are all systems of evolution equations in 1+ 1 dimensions. In the following, we shall verify that the system (3.9) is a Liouville integrable (see Ref. [21] ) Hamiltonian system and that under the control of (3.9), the systems (3.10) are also Liouville integrable Hamiltonian systems.
The system (3.9) may be cast into the following Hamiltonian form
where the Hamiltonian function
Let us now construct integrals of motion for (3.11 ). An obvious equality (
Thus F is a generating function of integrals of motion for (3.11). Since F = n≥0 F n λ −n , we obtain the following expressions
Further by (3.8), we have
Here F n , n ≥ 0, are all polynomials of 4N dependent variables φ ij , ψ ij . Note that we have (2.10).
With the same deduction, we find that F = 1 2 tr V 2 is also a generating function of integrals of motion for (3.10). Moreover, we have
Similarly we can obtain
The similar deduction can give rise to
At this stage, the systems (3.10) may be readily rewritten as
Associated with the symplectic structure on R
we can generate the Poisson bracket
where IdR denotes a Hamiltonian vector field of a smooth function R on R 4N , defined by IdR l ω 2 = −dR, with l being the left interior product. Since F is a generating function of integrals of motion for (3.10), we obtain
This elucidates that {F n } ∞ m=0 constitutes a Poisson algebra with regard to (3.16). Evidently we have 2 F 1 = 0 since F 1x = 0) and Φ i (x, t n ), Ψ i (x, t n ) solve simultaneously (3.11) and (3.15), then
is a solution to the nth Dirac system u t n = K n . This allows us to conclude that the nth Dirac system u t n = K n has the following involutive representation of solutions 
.
Conclusions and remarks
We introduced a kind of symmetry constraint on the Dirac integrable systems. Moreover we exhibited an explicit Poisson algebra on the symplectic manifold (R 4N , ω 2 ) and further, an involutive representation of solutions to the Dirac systems. The proposed symmetry constraint includes the eigenfunctions and the adjoint eigenfunctions and is nonlinear with respect to them.
The corresponding reductions of the Lax pairs and adjoint Lax pairs and the manipulation with the integrability of the constrained systems constitute a binary nonlinearization problem.
We remark that when the zero boundary conditions on the eigenfunctions and the adjoint eigenfunctions are not imposed, the spatial part of the nonlinearized Lax pairs and adjoint Lax pairs is invariant and thus, still a Hamiltonian system with the original Hamiltonian function.
However, the time parts of the nonlinearized Lax pairs and adjoint Lax pairs will vary with the boundary conditions. When the zero boundary conditions are not satisfied, they become very complicated Hamiltonian systems. Nevertheless, their Hamiltonian functions are some polynomials of F n , n ≥ 1, which may be determined by an obtained equality c 2 + a 2 − b 2 = 1. Furthermore we can consider higher order constraints
This kind of symmetry constraints is somewhat different from the Bargmann constraint because the G n involve the differential of u with respect to x. To discuss them, we need to introduce new dependent variables, i.e. the so-called Jacobi-Ostrogradsky coordinates. These problems are left to a further investigation.
There exist also certain relations between the nonlinearization technique and the binary nonlinearization technique. For example, if we take the possible reduction Ψ 1 = −Φ 2 , Ψ 2 = Φ 1 , the involutive system (3.12) simplifies to
This is an involutive system on the symplectic manifold (R 2N , ω 2 = dΦ 1 ∧ dΦ 2 ), and it may be generated by the nonlinearization technique.
We should note that the idea of binary nonlinearization is quite broad; it can be applied to other integrable systems (see, for example, Ref. [22] ). Therefore a large class of finite dimensional
Liouville integrable Hamiltonian systems may be raised by means of our binary nonlinearization technique and the involutive representation of solutions can exhibit the integrability by quadratures for the considered systems.
